Abstract. Let K = Q( √ −3) or Q( √ −1) and let Cn denote the cyclic group of order n. We study how the torsion part of an elliptic curve over K grows in a quadratic extension of K. In the case E(K)[2] ≈ C1 we investigate how a given torsion structure can grow in a quadratic extension and the maximum number of extensions in which it grows. We also study the torsion structures which occur as the quadratic twist of a given torsion structure. In order to achieve this we examine nisogenies defined over K for n = 15, 20, 21, 24, 27, 30, 35. 
Introduction
Let K be a number field and E/K an elliptic curve. An n-cycle of E/K is a cyclic subgroup of E(K) of order n which is invariant under the action of Gal(K/K). An n-cycle C of E/K gives rise to a curve E ′ /K and an isogeny E → E ′ defined over K with kernel cyclic of order n, and every such isogeny arises this way [21, Rmk 4.13.2] . If E/K has an isogeny of this form we say E/K has an n-isogeny. If the points of an n-cycle are rational over an extension L/K, we will say the corresponding n-isogeny is pointwise rational over L. Let C n denote the cyclic group of order n.
In this paper, we classify n-isogenies defined over K = Q( √ −3) or Q( √ −1) that are pointwise rational over quadratic extensions of K for n = 15, 20, 21, 24, 27, 30, 35 (with one exception)(Theorem 8). In the case K = Q( √ −3), E(K) [2] = C 1 we determine (i) a classification of the torsion structures which occur as the quadratic twists of a given torsion structure, (ii) a classification of the torsion structures which occur as the growths of a given torsion structure and (iii) tight bounds on the number of quadratic extensions in which a given torsion structure can grow (Theorem 9). In the case K = Q( √ −1) we did not complete the classification because we could not disprove the existence of a 21-isogeny over K. This was accomplished in [1, Prop. 2] . For a history of related classification problems please see [19] .
There is an affine curve Y 0 (n) whose K-rational points classify isomorphism classes of pairs (E, C) where E/K is an elliptic curve and C is an n-cycle. Two pairs (E, C),(E ′ , C ′ ) are equivalent if and only if there is an isomorphism f : E → E ′ such that f (C) = C ′ . By adding a finite number of points (called cusps) to Y 0 (n) we obtain the projective curve X 0 (n). The curve X 0 (n) has a model over Q and hence we have tools to study X 0 (n)(K).
Let E/K be an elliptic curve and let L/K be a quadratic extension. We summarize our strategy as follows: When E(K) [2] = C 1 , we have E(L) [2] = C 1 (Theorem 5). Hence in order to complete tasks (i), (ii) and (iii), it suffices to complete (i) by Proposition 2. But by Proposition 3, if E(K) tor = C 1 and E d (K) tor = C 1 then one can often show E has an nisogeny pointwise rational over K( √ d) for some large value of n, and these are rare over K (Theorem 8). The classification of n-isogenies leads to the Diophantine problem of determining X 0 (n)(K).
In Section 2 we describe some results necessary to understand the rest of the paper. In Section 3 we study the K-rational points on X 0 (n) for
and n = 15, 20, 21, 24, 27, 30, 35. In Section 4 we use the classification of n-isogenies to study growth of torsion.
Computation played an important role in our work. We used Magma to compute the rank and torsion of elliptic curves over number fields. We also used Magma to find automorphism groups of curves and compute quotient curves under the action of certain groups. The classification of n-isogenies relied upon the Small Modular Curves package in Magma.
Background
We require the following classification theorem. Theorem 1. (Najman [15] ) Let K be a cyclotomic quadratic field and E an elliptic curve over K.
• If K = Q(i) then E(K) tor is either one of the groups from Mazur's theorem
tor is either one of the groups from Mazur's theorem, C 3 ⊕ C 3 or C 3 ⊕ C 6 . Proposition 2. [3, Cor. 4] If n is an odd positive integer we have
has odd order, it has no points of order 2 so
As J is the sum of Gal(K/K)-invariant subgroups, it is invariant as well.
, E/K an elliptic curve and L a quadratic extension of K. Then the only odd prime power n such that
Proof. Let φ denote Euler's totient function. If n = p t where p is a prime and The following theorem lists various restrictions on growth in quadratic extensions.
Theorem 5. Let K be a number field, E/K an elliptic curve, L a quadratic extension of K and p an odd prime.
(
primitive pth root of unity.
Proof. Parts (1) and (2) are easily verified.
3 
5) Let µ p be a primtive pth root of unity. Suppose E(K) ≈ C p , and
We can choose a basis for E(L) [p] such that the induced Galois representation satisfies
As p is odd, we conclude α = 0, so ρ(σ) is the identity. This means σ acts trivially on the p-torsion,
Note that there are growths which occur over Q but not over some quadratic extension: C 3 to C 3 ⊕ C 3 occurs over Q but by Theorem 5 Part 5 not over Q( √ −3). On the other hand, there are growths which occur over a quadratic field but not over Q: C 1 to C 3 ⊕ C 3 cannot over Q because if it did, Q would contain a primitive 3rd root of unity by Theorem 5 Part 3. On the other hand, C 1 to C 3 ⊕ C 3 occurs over Q( √ −3) Also, C 1 to C 15 cannot occur over Q by Proposition 2 since X 1 (15) has no noncuspidal Q-rational points. On the other hand, this growth does
by Proposition 2 and Theorem 5 Part 1.
To study torsion over quadratic fields in the case j = 0, 1728 we use the technique from [12] .
Lemma 6. Let p be a prime and E/F p an elliptic curve with model y 2 = x 3 + Ax + B.
(1) If A=0 (i.e. j(E)= 0) and p ≡ 2 mod 3 then |E(F p )| = p + 1 and
Proof.
, where α and β are roots of x 2 + p. Hence
Theorem 7. Let K be a quadratic field and E/K an elliptic curve. If j(E) = 0 and p > 3 is a prime then E(K) tor has no element of order p. If j(E) = 1728 and p > 2 is a prime then E(K) tor has no element of order p.
Proof. Suppose j(E) = 0. Twisting by a square in O K if necessary, we may assume E has a model of the form y 2 = x 3 + AX + B with A, B ∈ O K . Note that since O K is a Dedekind domain, the principal ideal (disc(E)) has only a finite number of prime ideal divisors, and hence disc(E) lies in only a finite number of prime ideals of O K . Let q > 3 be a prime in Z. Since q = 3, by the Chinese remainder theorem there exists an integer n satisfying:
n + 1 ≡ 2 mod q n ≡ 2 mod 3 Furthermore, n + 3qk satisfies the congruences above for every integer k, and (n, 3q) = 1 by the congruences above. Hence by Dirichlet's theorem on arithmetic progressions, there are infinitely many primes in this arithmetic progression. In particular, there is a prime p satisfying the congruences above such that E has good reduction modulo a prime ideal β above p.
. But by Lemma 6 we have:
Hence in either case (noting p = q), we conclude there is no point of order q in E(K) tor . Now suppose j = 1728. If q is an odd prime, then one can argue just as in the j = 0 case that there is no point of order q.
3.1. Magma describes the n-cycle C corresponding to an n-isogeny by providing a polynomial f C whose roots are precisely the x-coordinates of the points in C. Given an n-isogeny with n-cycle C, let K C denote the field of definition of C (that is, the field obtained by adjoining to K all the coordinates of the points of C) and for a polynomial f , let K(f ) denote the splitting field of f over K. If an n-isogeny with n-cycle C is pointwise rational over a field L then f C should split completely over L. In particular if L is a quadratic extension of K, then f C must have irreducible factors of degree at most 2 over K.
We will now argue that no elliptic curve over K = Q( √ −3) has a 21-isogeny pointwise rational over a quadratic extension of K. Magma tells us the modular curve X 0 (21) has rank 0, torsion C 2 ⊕C 8 over K and 4 cusps over K. The 12 non-cuspidal points correspond to isomorphism classes (E, C) and using Magma we found representatives of each class (see Table 1 ). As one can see from the table, for each representative (E, C) with j = 0, f C has an irreducible factor of degree at least 3 and hence
In particular, there is no quadratic extension L/K such that all the points of C are L-rational. Now since in each of the cases just mentioned, j = 0, 1728, by [21, p. 45 ] the isomorphism class of (E, C) just consists of (E d 
In the last column we list the degrees of the irreducible factors of f C over K. ‡ We use the model y 2 + xy = x 3 − 4x − 1 for X 0 (21).
On the other hand, over K = Q(i), X 0 (21) has rank 1. A search of points did not produce an example of a 21-isogeny pointwise rational over a quadratic extension of K.
3.2. Now we will study 15-isogenies over K = Q(i). We see the first two entries in Table 2 indicate the only potential isomorphism classes in which we could find a 15-isogeny pointwise rational over a quadratic extension of K. Hence if a pair (E, C) exists with E/K, C Gal(K/K)-invariant and the points of C L-rational for some quadratic extension L/K then in fact E is defined over Q and C is Gal(Q/Q)-invariant.
The point (8, −27) corresponds to (E, C) with 
Hence there are exactly four elliptic curves over K (up to isomorphism over K) with a 15-isogeny pointwise rational over a quadratic extension of K.
Similarly, when K = Q( √ −3) we find the same four elliptic curves are the only elliptic curves over K with a 15-isogeny pointwise rational over a quadratic extension of K. Table 3 . (K = Q( √ −1)) Representatives (E,C) of isomorphism classes corresponding to non-cuspidal K-rational points on a model of X 0 (20)
See Theorem 7 † In the last column we list the degrees of the irreducible factors of f C over K. ‡ We use the model y 2 = x 3 + x 2 + 4x + 4 for X 0 (20).
Over
, X 0 (20) has rank 0, torsion C 6 and these points are all cusps. Over K = Q( √ −1), X 0 (20) has rank 0, torsion C 2 ⊕ C 6 and 6 cusps. Table 3 shows that 4 non-cuspidal K-points correspond to 20-isogenies pointwise rational over extensions of K of degree at least 4. If E/K has j(E) = 1728 and a 20-isogeny pointwise rational over a quadratic extension of K then some quadratic twist of E has a point of order 5 over K by Proposition 2. But this contradicticts Theorem 7. Therefore there are no 20-isogenies pointwise rational over quadratic extensions of K = Q( √ −3) or Q(i).
3.4. Over Q, X 0 (24) has rank 0, torsion C 2 ⊕ C 4 and 8 cusps. The torsion and rank do not grow upon extension to K = Q( √ −3) or Q(i) so there are no elliptic curves over K with a 24-isogeny (pointwise rational over any extension of K).
3.5. The curve X 0 (27) is an elliptic curve with model y 2 + y = x 3 − 7. Over Q, X 0 (27) has rank 0, torsion C 3 and 2 cusps. The torsion and rank do not grow upon extension to K = Q(i) The one non-cuspidal point (3,-5) corresponds to a pair (E, C) with j(E) = −12288000 and the degrees of the irreducible factors of f c over Q(i) are (1, 3, 9) . Because j(E) = 0, 1728, the isomorphism class of (E, C) just consists of quadratic twists of this pair, and hence will yield the same degrees of irreducible factors. Over K = Q( √ −3), X 0 (27) has 6 cusps and X 0 (27)(K) = C 3 ⊕ C 3 . As in the case K = Q(i), the 3 non-cuspidal points do not yield 27-isogenies pointwise rational over a quadratic extension of K. Therefore in either case, there are no elliptic curves over K with a 27-isogeny pointwise rational over a quadratic extension of K.
. If E/K possesses a cyclic Gal(K/K)-invariant subgroup C of order 30, then C has a unique cyclic subgroup of order 15 and hence this subgroup is Gal(K/K)-invariant as well. So if K C /K is degree 1 or 2 then E possesses a 15-isogeny pointwise rational over a quadratic extension of K. But there are only four such pairs (E, C ′ ), and we found that in each case K C ′ /K was degree 2 so we would have K C = K C ′ . But as already noted, the torsion over the extension was C 15 in each case, so there are no 30-isogenies over K (pointwise rational over a quadratic extension of K).
3.7. Magma tells us X 0 (35) is genus 3 with affine model
Furthermore Magma found an automorphism of X 0 (35) such that the quotient curve E is genus 1 with affine model:
The quotient map (defined between the projective closures) is given by:
Because f is a rational map, the only potential K-rational points of X 0 (35) are the non-regular points of f and f −1 (E(K)). In order to compute f −1 (E(K)) we must first compute E(K). Magma/Sage give us the following information:
To compute f −1 ([x, y, z]), we form the ideal < C, p
− wz > (C denotes the model of X 0 (35) above) and compute its Gröbner Basis (with respect to the ordering x,y,z,w). Often, one can find basis elements that allow the system to be solved by hand. We can assume z = 0 as the only point on our model of X 0 (35) with this property is [0,1,0] and f is not defined at this point.
For each of the six extra points over K = Q( √ −3) the Gröbner basis contains a polynomial g(w). Using Magma one can check that in each case the only root of g(w) over K is 0. Hence the (K-rational) inverse image of these points under f is empty. Table 5 . Gröbner basis data for determination of f −1 (E(K))
Finally, using a Gröbner basis for the ideal < C, p . We summarize our findings in the following theorem.
) and E/K is an elliptic curve, E has no N -isogenies pointwise rational over a quadratic extension of K for N = 20, 21, 24, 27, 30, 35, 45. If K = Q( √ −1) and E/K is an elliptic curve, E has no N -isogenies pointwise rational over a quadratic extension of K for N = 20, 24, 27, 30, 35, 45. The curve X 0 (21) is genus 1 and rank 1 over K. In either case above, there are exactly four elliptic curves over K (up to isomorphism over K) with a 15-isogeny pointwise rational over a quadratic extension of K.
Growth of Torsion
Theorem 9. Let K = Q( √ −3), d ∈ O K , d a nonsquare, and E/K an elliptic curve.
(1) If E(K) tor ≈ C 7 , C 9 or C 3 ⊕ C 3 , then
Hence the torsion structures C 7 , C 9 and C 3 ⊕C 3 do not grow in any quadratic extension of K. The torsion structures C 3 and C 5 grow in at most 1 extension, and C 1 grows in at most 2 extensions.
Proof. Let d ∈ K be a non-square. Note that if E ′ is a quadratic twist of E then E is a quadratic twist of E ′ (up to isomorphism over K). Also by Theorem 5, all quadratic twists of a curve with odd order torsion will be odd order. By Theorem 1, the only odd-order torsion structures occurring over K are C 1 , C 3 , C 5 , C 7 , C 9 and C 3 ⊕C 3 . Now if E(K) There are four elliptic curves (two pairs of quadratic twists) over K (up to isomorphism over K) with such an isogeny. For each such curve E (we actually need only check one member of each pair), the factorization of the 3-division polynomial of E indicates that the nontrivial torsion structures occurring among the quadratic twists of E are C 3 and C 5 and each occurs exactly once.
